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Abstract. We give an account of the construction of exterior differential systems based on the 
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1. Introduction. The search for a common structure to various exterior dif- 
ferential systems (EDSs) of geometric and analytic origin led to the algebraic no- 
tion of a tableaux over a Lie algebra |33 1. This notion builds on that of involutive 
tableau in the theory of EDSs and can be seen as a non-commutative generaliza- 
tion of it. Interestingly enough, from a tableau over a Lie algebra we can canon- 
ically construct a linear Pfaffian differential system (PDS) which is in involution 
and whose Cartan characters coincide with the characters of the tableau. 

Particular cases of this scheme lead to differential systems describing well- 
known integrable systems such as the Grassmannian systems of Terng ll37l l4l. 
the curved flat system of Ferus and Pedit fl6|, and many integrable surfaces aris- 
ing in projective differential geometry |1, 14, 17|. The tableaux coiTesponding 
to Grassmannian and curved flat systems, the so-called Cartan tableaux, are ob- 
tained from the Cartan decompositions of semisimple Lie algebras. The tableaux 
coiTesponding to the various classes of integrable surfaces in projective 3-space 
are given by sub-tableaux of a special tableau over s[(4, ffi.). This is constructed 
by the method of moving frames and amounts to the construction of a canonical 
adapted frame along a generic surface in projective space (e.g., the Wilczynski- 
Cartan frame [lTTl[T7l l2l [T4l[T5l ). The involutiveness of these examples follows 
from the involutiveness of the corresponding tableaux. The result that the Grass- 
mannian system and the curved flat system are in involution was first proved by 
Bryant in a cycle of seminars at MSRI Q and was then taken up and further 
elaborated by Terng and Wang |38 1. 

Other examples of linear Pfaffian system in involution which fit into the 
above scheme, and in fact motivated our work, include: the differential systems 
of isothermic surfaces in Mobius and Laguerre geometry ll25l l26l l28l l30l : the 
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differential systems of Mobius-minimal (M-minimal or Willmore) surfaces and 
of Laguerre-minimal (L-minimal) surfaces lIZTl |29l |25l ; the differential systems 
associated to the deformation problem in projective geometry and in Lie sphere 
geometry lim[T0l [3ll22 32, 13|. The tableaux associated with all these examples 
are constructed by the method of moving frames on the Lie algebras of the corre- 
sponding symmetry groups (cf. Section 1531 ). If, on the one hand, the presented 
approach may be seen as a possibility to discuss various involutive systems from a 
unified viewpoint, on the other hand, it can be viewed as a possibility to find new 
classes of involutive systems. In this respect, we mention the class of projective 
surfaces introduced in 1 33 1, which generalizes asymptotically-isothermic surfaces 
and surfaces with constant curvature of Fubini's quadratic form. An analogous 
class of surfaces in the context of conformal geometry is discussed in Section l53] 
For an application of the above construction to the study of the Cauchy problem 
for the associated systems, we refer the reader to OTlf??! . 

In this article we revisit the definition of tableau over a Lie algebra using the 
formalism of the Spencer cohomology and extend it to include 2-acyclic tableaux. 
This allows also non-involutive systems into the scheme, reducing the question 
of involutiveness of their prolonged systems to that of the prolongations of the 
associated tableaux (cf. Section|4]i. 

Section|2]contains the basic material about tableaux. Section|3]introduces the 
notion of tableaux over Lie algebras. Section|4]presents the construction of EDSs 
from tableaux over Lie algebras and discusses some properties of such systems. 
Section|5]discusses some examples as an illustration of the theory developed in the 
previous sections. Further developments are indicated in Section|6l The appendix 
collects some facts about the Spencer complex of a tableau and the torsion of a 
PDS. 

2. Tableaux. In this section we provide a summary of the results in the al- 
gebraic theory of tableaux. As basic reference, we use the book by Bryant, et al. 
Q. See also fH]. 

A tableau is a linear subspace A C Hom(a, b), where a, b are (real or 
complex) finite dimensional vector spaces. 

An /i-dunensional subspace a/i C a is called generic w.rt. A if the dimen- 
sion of 

Ker(A,a,0 :={Qg A|Q|„^ =0} 

is a minimum. The set of /i-dimensional generic subspaces is a Zariski open of 
the Grassmannian of /i-dimensional subspaces of a. 

A flag (0) C ai C ■ • ■ C a„ = a of a is said generic if an is generic, for all 
h — 1, . . . ,n. 

The characters of A are the non-negative integers Sj(A), j — 1, . . . , n, 
defined inductively by 



Si(A) + • • ■ + Sj(A) codimKer (A, a^), 
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for any generic flag (0) c ai c ■ • • C a„ = a. 
From the definition, it is clear that 

dim b > Si > S2 > • • • > s„, dim A = Si + • • • + s„. 

If Si, / 0, but Si/+i = 0, we say that A has principal character Si, and cafl v the 
Cartan integer of A. 

The first prolongation A'^^ of A is the kernel of the linear map (Spencer 
coboundary operator, cf. AppendixlAli 

5^'^ : Hom(a, A) ^ A ® a* ^ b A'^{a*) 

S''\F){A^,A,) := i {F{A,){A,) - F{A,){A^)) , 

for F e Hom(a, A), and Ai,A2 G a. 

The h-th prolongation of A is defined inductively by setting 



for ft, > 1 (by convention A^^^ A and A^ = b). A^*^ identifies with 

AC') = (a ® S'\a*)) n (b ® S''+\a*)) . 

An element Q(^h) e b ® S'^+'^{a*) belongs to A^^^ if and only if G 
A(''-i),forallX e a. 

Theorem 2.1. dim A^^^ < si + 2s2 + h ns„. 

Definition 2.1. A is said involutive (orin involution) if equality holds in 
the previous inequality. 

Theorem 2.2. For any tableau A there exists an integer ho such that A*^''^ 
is involutive, for all h > Hq. 

Theorem 2.3. If A is involutive, then A^^^ is involutive and 

s« :=.,(A«) = .„(A) + ... + ., (A), 

j = l,...,n. 

Thus every prolongation of an involutive tableau is involutive. Moreover, 
the principal character and the Cartan integer are invariant under prolongation 
of an involutive tableau. 

It is well-known that A is involutive if and only if 

H'^-P{A) = (0), for all q>l,p>0 

(Guillemin-Sternberg, Serre 120|). See Appendix lAl for the definition of the 
Spencer groups i/'^P(A). 
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A weaker notion is the following. 

Definition 2.2. A tableau A is said 2-acyclic if 

i/«'^(A) = (0), for all q>l. 

This notion plays an essential role in the prolongation procedure of a non- 
involutive linear Pfaffian system (cf. Kuranishi, Goldschmidt 1 18 19|). 

As shown in the following examples, tableaux and their prolongations arise 
naturally in the context of PDE systems and of exterior differential systems. 

Example 1. Let V and W be vector spaces with coordinates x^, . . . , 2;" 
and y^, . . . dual to bases «!,...,«„ for V and wi, . . . ,Ws for W. Consider 
the first-order constant coefficient system of PDEs for maps f : V ^ W given in 
coordinates by 

B^^^{x) = (A = l,...,r). (2.1) 

The linear solutions y"'{x) — A^x^ to this system give rise to a tableau A C 
Hom(V, W). Conversely, any tableau A C Hom(V, W) determines a PDE sys- 
tem of this type. 

Remark 2.1. A''-* is the set of homogeneous polynomial solutions of de- 
gree q + 1 to (12. 11 1. 

Theorem 2.4. The PDE system associated to A. is involutive A is 

involutive. 

The symbol of (IZH i is the annihilator B := A^ CV ®W* of A. 

Example 2. Let (Z, uj) be a Pfaffian differential system (PDS) on a mani- 
fold M with independence condition 7^ 0, where 

J = {6l\ . . . , 61", d6'\ . . . , d6i^} (algebraic ideal) 

and w = A • ■ • A w". Let tt^ , . . . , tt* be 1-forms such that 

be a local adapted coframe of M. 

The Pfaffian differential system (Z, lu) is called lineaiQif and only if 

d6'" = mod {e\..., 9", uj\...,uj"-} (0 < a < s). 

The meaning of this condition is that the variety Vn{T, uj) C G„(TA/, ui) of inte- 
gral elements of {X, uj) is described by a system of inhomogeneous linear equa- 
tions (cf. AppendixlBll. A linear PDS is described locally by 

6" ^0 

^6*" = A%Tr^ A uj'' + ic^^ w^ A uj^ mod {e\ . . . , 6I"} 
w = ^1 A • • ■ A tj" 7^ 0, 



In the literature, other names are also used to indicate linear systems: quasi-linear systems, 
systems in good form, or systems in normal form. 
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where c° = — c",; 1 < a < s; I < i, j < n; I < e <t. 

Once we fix independent variables and take a point of M, we can associate 
a tableau to the Pfaffian system as follows. At x G M, let V* = spanjti;'} and 
{-f^ji} be the basis of its dual V. Further, let W* — span {r} and{g|r}bethe 
basis of its dual W. We define a tableau A C W V* by 

d 

A := span {A''^^ — (g, uj' : e = 1, . . . , t}. 

The involutiveness of {T, ut) at x is equivalent to the involutiveness of A (al- 
gebraic condition) together with the integrability condition V{T,uj)^^ ^ 0, which 
in turn is equivalent to the condition (x) — 0, for each a, i, j ("torsion vanishes 
at cc"). See AppendixiBjfor more on the notion of torsion. 

Theorem 2.5. The linear PDS is involutive at x 1) A is 

involutive and 2) Vn{'I,^)\x 7^ 0- 

The symbol of {1, uj) is the annihilator B := A^ dV ®W* of A: 

B ^ span {B^ ^B^'-^^O" : B^'A^^ = 0, VA, e}. 



3. Tableaux over Lie algebras. Let (g, [ , ]) be a finite dimensional Lie al- 
gebra, a, b vector subspaces of g such that a b = g, and A C Hom(a, b) a 
tableau. Define the polynomial map t : A b A^(a*) by 

t{Q){Ai,A2) := [Ai+Q{A^),A2^Q{A2\ 

-Q([Ai + Q(^i),A2 + 0(A2)]J, 

where Xa (resp. X^) denotes the a (resp. b) component of X. 

Definition 3.1 (Il33l). Atableau over q is a tableau A c Hom(a, b) such 

that: 

1. A is involutive; 

2. t{Q) elmS^-^ C b(E)A'^{a*),foreachQ e A. 

Remark 3. 1 . A detailed analysis of the examples at our disposal and con- 
siderations about the problem of prolongation (cf. Remark \4.1i suggest that con- 
dition (1) in the above definition should be replaced by the condition that A is 
2-acyclic. As for condition (2) in the definition, it amounts to the vanishing of a 
cohomology class in the group 

.0,2,. ^_ h®A\a*) 



H^'^iA) 



(Ji'i (A ® a*)' 

(cf. Remark \4. 1 l and Appendix\B\for the the notion of torsion of a linear PDS). 

Example 3. If A c Hom(a, b) is involutive (or 2-acyclic) and 2 is the 
abelian Lie algebra g — a © b, then r(Q) = 0, for each Q e A, and A can 
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be considered as a tableau over g. Therefore, the concept of tableau over a Lie 
algebra is a natural (non-commutative) generaUzation of the classical notion of 
involutive (or 2-acyclic) tableau. 

Example 4. Let g be a semisimple Lie algebra with Killing form ( , ). Let 
= So ffi fli be a Cartan decomposition. Then 

[0o,0o]cgo, [0o-0i]C0i, [0i,0i]C0o- 

Assume that rankg/gg — k and that a be a maximal (fc-dimensional) abelian 
subspace of 0i. Then gi = a ® m, where 

m = n 01 

Further, let 

(0o)a = {^G0o : [X,a] = 0}, 
i9o)i = {X eg ■■ {X,Y) = 0,yY e {Bo)a} , 
& := 00 n (0o)^ 

Then, for any regular element A G a, the maps 

ad^ : m b, ad^ : b — > m 

are vector space isomorphisms and 

X E —adx G Hom(a, b) 

is injective, hence m can be identified with a linear subspace of Hom(a, b). 

Proposition 3.1 ( Il33l ). If q is a semisimple Lie algebra and a, b, and m 
are defined as above, then m, regarded as a subspace o/Hom(a, b), is a tableau 
over g. 

Definition 3.2. The tableau m is called a Cartan tableau over g. 

Remark 3.2. As already indicated in the introduction, the idea of a tableau 
over a Lie algebra has its origin in the method of moving frames and is related to 
the existence of canonical adapted frames along generic submanifolds in homo- 
geneous spaces. The tableaux corresponding to systems of submanif old geometry 
are constructed on the Lie algebras of the transitive groups of transformations 
of the ambient spaces, e.g., the Wilczynski-Cartan frame in projective differen- 
tial geometry (cf. 4331/ ). or the canonical Mobius frame in conformal theory of 
surfaces (cf. Section \573[ . 

4. Differential systems associated with tableaux over Lie algebras. Let 

A C Hom(a, b) be a tableau over g and let G be a connected Lie group with Lie 
algebra g. We set y G x A and refer to it as the configuration space. 

Definition 4. L A basis {Ai, . . . ,Ak,Bi, . . . ,Bh,Ci, . . . ,Cs) ofg is said 
adapted to A 
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1. a = i/^an {Ai, . . . , Afc}, 

2. ImA := Y,QePs.^™^Q ^ span{Bi, . . . ,3^}, 

3. h = span {Bi, . . . , Bu, Ci, . . . , Cs]. 
An adapted basis is generic if the flag 

(0) C span {Ai} C • ■ • C span {Ax, . . . , A^} = a 

is generic with respect to A. 

For a generic adapted basis, let 

(a^...,a^/3^...,/3^7^...,7^) 

denote the dual coframe on G. Given a basis 

Qc = Qi,Bj(g>a' (e==l,...m) 
of the tableau A, Y identifies with G x M™ by 

(5,/g.)er.^(g;p\...,p'")GGxR". 

Definition 4.2 (1331). The EDS associated with A is the Pfaffian system 
(X, bj) on Y generated (as a differential ideal ) by the linearly independent 1 -forms 

r rji -.^ pi ^ p-Qi^a\ (j = 
I 7^•■■,7^ 

with independent condition w = A • • • A a'' ^ 0. 
An immersed submanifold 

$ = (5;p\.. : iV'= -> G X A = G X M™. 

is an integral manifold of (I, uj) if and only if 

1. A--- Aa*^),^ ^0; 

2. pi ^p-Qiy,j = l,...,h; 

3. 7I = • •• = 7^ = 0. 

The main result in the construction is the following. 

Theorem 4.1 ( B33I ). Let A be a tableau over a Lie algebra q. Then, the 
EDS (T, Lo) associated with A is a linear PDS in involution. In particular, the 
characters of A coincide with the Cartan characters of (X, uj). 

Remark 4.1. Condition (2) in the definition of a tableau over a Lie alge- 
bra (cf. Definition \3.1\l tells us that the PDS associated with a tableau over a Lie 
algebra is linear and with vanishing torsion ( cf. Appendix\B[. This together with 
the condition that the tableau is 2-acyclic guarantee the existence of a prolonga- 
tion tower for the associated PDS which can be constructed algebraically from 
the tableau and its prolongations. The construction of the prolonged systems is a 
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direct consequence of the property of the tableau being 2-acyclic and is entirely 
based on the Spencer cohomology of the tableau. The vanishing of the torsion is 
needed only at the first step of the construction (cf. Remark \B.2h Therefore, the 
result stated in Theorem \4.1\ can be generalized to the following. 

Theorem 4.2 (|35|). Let A. be a 2-acyclic tableau over a Lie algebra q. 
Then, the PDS {X, uj) on Y associated with A admits regular prolongations of 
any order Moreover, the construction of prolongations is purely algebraic. The 
configuration space of the h-prolonged system uj) is 

rC') := G X (A © A(i) © • • • © AC')). 

If k is the least integer such that AS^^ is involutive, then the k-prolongation 
(l''^') , uj) is in involution and its Cartan characters coincide with that of A.^'^\ 

5. Examples. In this section, we illustrate the construction developed in 
Section|4]by discussing some examples. 

5.1. The PDS associated with an abelian tableau. Let A c Hom(IR'=,]R'') 
be an m-dimensional involutive tableau over the (abelian) Lie algebra g = R*^ © 
W^, spanned by the linearly independent h x k matrices — (Q^J. 

We call A^^^-system the linear, homogeneous, constant coefficient PDE sys- 
tem for maps P = . . . : R''' ^ A = R™ defined by the differential 
inclusion dP^^ £ A*^^\ for all x G R'"', where A^^^ is the first prolongation of A. 
This system can be written 

^i'i(dF) =0, 

where 5^'^ is the Spencer coboundary of the tableau A (recall that (5^'^ : C^'^ — 
A© (R*^)* ^ C^^"^). 

Lemma 5.1. A map P : R''' ^ A = R™ is a solution to the A'^^'> -system if 
and only if the MI'^ -valued 1-form 

e = {e^,...,0'') e n^im.'') © r'*, = p'Qijx", 

is closed. 

As a consequence, we have 

Corollary 5. 1 . Lef P : R*"' A = R™ be a solution to the A^^^ -system 
and let y = (y^, . . . , y'') be a primitive of 9 (i.e., 9 = dy). Then 

3x^ {x, y{x),P{x)) e R*^ © R'' © R™ 

is an integral manifold of the PDS {X, lu) associated with A. Moreover, every 
integral manifold of (X , lu) arises in this way. 

We can conclude that the integral manifolds of {X, uj) correspond to the so- 
lutions of the A^^^ -system. Moreover, {X,uj) is in involution (as a differential 
system) and the Cartan characters coincide with those of the tableau A. 
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5.2. The PDS associated with a Cartan tableau and the G/Go -system. 

Let G/Gq be a semisimple symmetric space of rank k and = flo © 0i ^ Car- 
tan decomposition of g. Let {Ai, . . . , Aj,) be a regular basis for the maximal 
abelian subalgebra a C 0i. According to Terng [37], the G/Go-system (or 
the fc-dimensional system associated to G/Gq) is the system of PDEs for maps 
F : U C a ^ m := 01 n a-*- defined by 



A — 



dF 



U^,F],[A„F]]. 



^ < i < i ^ k, where are the coordinates with respect to (Ai, . . . , A^.). 

Lemma 5.2. A map F . a ^ mis a solution of the G/ Go-system if and 
only if the Q-valued 1-form 

e = a+[a,F] e n^{a) g, 

satisfies the Maurer— Cartan equation dO + ^[9 f\ 6] =0, where a — ® Ai is 
the tautological 1-form on a. 

Corollary 5.2. Let F : a ~* m be a solution of the G / Go-system and let 
g : a ^ G be a primitive of 9 (i.e. a solution to g^^dg = 9). Then 

a3 X t-^ {g{x), F{x)) G G x m 

is an integral manifold of the PDS (T, lu) on Y — G x m associated with the 
Cartan tableau m C Hom(a, b). Conversely, any integral manifold of {T,u)) 
arises in this way. 

In conclusion, the integral manifolds of the PDS (X, oj) associated with the 
Cartan tableau m C Hom(a, b) are given by the solutions of the corresponding 
G/Go-system. Moreover, {2,ix}) is in involution and its Cartan characters coin- 
cide with those of the tableau m (i.e., si = n, Sj = 0, j = 2, . . . , n). In particular, 
the general solution depends on n functions in one variable. 

Remark 5.1. If [Ai, . . . , An) is a basis of a, {x^ , . . . , a;") the correspond- 
ing coordinates, and F = {F^ , . . . , i^™^") : [/ C a ^ b, then the G/Go-system 
can be written 

Qpa gpa 

B"^ = 

where the coefficients are constant and $ij are analytic functions. 

In general, the PDS associated to a tableau over a Lie algebra corresponds 
to the nonlinear system of equations 

dx^ ""-^ dx^ dx^ dxi dx^ 
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5.3. Old and new involutive systems in conformal surface theory. In this 
section we discuss some old and new involutive systems/tableaux arising in con- 
formal geometry of surfaces. We start by recalling some preliminary material. 
Consider Minkowski 5-space R'*' ^ with linear coordinates , . . . , a;** and Lorentz 
scalar product given by the quadratic form 

{x, x) = -x°x^ + {x^f + (x^f + (x^f = r],jx'x^. (5.1) 

Classically, the Mobius space 5*^ (conformal 3-sphere) is realized as the projective 
quadric {[a;] G MP^ ; {x,x) = O}. Accordingly, 5*^ inherits a natural conformal 
structure and the identity component G ^ S0o(4, 1) of the pseudo-orthogonal 
group of (15. Il l acts transitively on as group of orientation-preserving, confor- 
mal transformations (see fS]). The Maurer-Cartan form of G will be denoted by 
u; = (^-)- 

Let f : U C ^ be an umbilic free, conformal immersion. A Mobius 
frame field along / is a map g = {go, . . . , g^) : U — > G such that f{p) = [goip)], 
for all p U. According to [51, there exists a canonical Mobius frame fielq3 
g : U ^ G along / such that its Maurer-Cartan form /3 = (/3j) = g*u! takes the 
form 

f -2q2l3l+2qip^ p^Pl+P2pl -P2PI+PSPI \ 

Pi -qiPl-q2Pl -Pi P1PI+P2PI 

Pi qiPl+q2Pl (31 -P2PI+P3PI 

Pi -Pi 

V Pl Pi 2q2Pl-2q^pl) 

with Pi A Pi > 0. The smooth functions qi, q2, pi, P2, P3 form a complete system 
of conformal invariants for / and satisfy the following structure equations 

dpl = -qiPl A Pi , dpl = -q2Pl A Pi , (5.2) 

dqi A Pl + dq2 Apl = il+pi+p3 + qi^ + q2^)Pl A /3g, (5.3) 

dq2 A Pl - dqi Apl^ -pa/^o A Pl , (5.4) 

dpi A Pl + dp2 f\Pl = (4g2P2 + gi(3pi + P3))PI A Pl, (5.5) 

dp2 A Pl - dp3 APl^ {MiP2 ~ q2{pi + ip3))Pl A Pl- (5.6) 

5.3.1. The Mobius tableau. The existence of a canonical Mobius frame 
field suggests the following construction. Let (a^, a^, P^, . . . , 7^, . . . , 7^) 
be the basis of g* defined by 

U=u^l c?=uol, P^=uol p'^Lol P^^col P^=u;l 
\-f^=ujl 7^=w3, 73=wi-cj3, 74=a;2+cj3^ 

Next, let {Ai,A2, . . . , -B4, Ci, . . . , C4) be its dual basis and set 
a = span{Ai, A2}, b — span{_Bi, . . . ,-84}. 



^If g is a canonical frame, any other canonical frame is given by (go, — 91,— 32i S3i 94)- 
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Consider the 5-dimensional subspace M c Hom(a, b) consisting of all elements 
Q{q,p) of the form 

Q{q,p) = qi(S4 ® + 2Bi «) a^) + q2{-2Bi (g) + S4 ® a^) 

+ P1B2 ® +p2{-B3(E)a^ + B2 (E) a'^) + P3B3 <S) o? , 

where q = {qi, (72) G K^, p = {pi.p2,P3) £ M"^. A direct computation yields the 
following. 

Lemma 5.3. The subspace M is a tableau over g ^ so(4, 1). 

The PDS associated with the tableau M, referred to as the Mobius sys- 
tem, is the PDS on Y = GxM = GxM^ generated by the 1 -forms 
7""^, . . . , 7^, 77^, . . . , 77^, where 

r]^ ^ + 2q2Ujl - 2qiujl, 77^ = /J^ _ p^ujl - pawg, 
if = [3'^ + P2UJ0 - P3^o^ T]* = - qiuj^ - q2UJo, 

with independence condition cjg A a;§ 7^ 0. The integral manifolds of the Mobius 
system are the 2-dimensional submanifolds 

(g; q,p) : ^ G xM^ G xW^ 

such that: 

• / = [go] is an umbilic free, conformal immersion; 

• g : ^ G is a canonical Mobius frame along /; 

• qi, q2, Pi, P2, P3 ■ ^ M are the conformal invariants of /. 

5.3.2. Willmore surfaces. Willmore immersions are defined as extremals 
for the Willmore functional / {H^ — K)dA (H the mean curvature, K the Gauss 
curvature). They are characterized by the Euler-Lagrange equation 

AH + 2H{H^ - K) = 0, 

which expressed in terms of the conformal invariants is equivalent to the equation 
Pi = P3 (cf. pSllSOllS^l). Willmore surfaces can be seen as integral manifolds of 
the Mobius system restricted to the submanifold of Y given by 

Yw^{Q{q,p)eY\pi=p3}. 

Now, it is easy to check that the subspace 

Mw {Qiq,p) eM\pi^p3} 

defines a 4-dimensional tableau over g = so(4, 1) with characters sq ~ 8, si = 4, 
S2 = 0, and that Yw is the configuration space of Mvi/. Observe also that the 
restriction to Yw of the Mobius system is exactly the PDS associated with M^k- 
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5.3.3. Other classes of surfaces. More generally, one could consider the 
class of surfaces whose invariant functions pi and satisfy a linear relation, that 
is, are expressed by pi{t) = t cosa + &i, P2{t) = t ama + b2, for real constants a, 
61, 62- This class includes Willmore surfaces as special examples and corresponds 
to the 4-dimensional affine tableau 

M(,,fc,,f„) = {Q(<z,Pi(i),P2,P3W)|t,P2 eM,9eM2}. 

Also in this case, an algebraic, direct computation shows that M((j^^ j,,) is in- 
volutive. Therefore, by the construction developed in the previous section, the 
associated PDS is in involution. Its Cartan characters are sq — 8, si ~ 4, S2 ~ 0. 

Remark 5.2. Similar arguments have been used in connection with the 
study of surfaces in projective differential geometry [33 /. The same approach can 
also be used to discuss surface theory in the framework of Laguerre geometry 
i l27l/ and other classical geometries. 

6. Further developments. 

6.1. Continue the program, initiated with the study of several classes of 
integrable surfaces in projective differential geometry |33 1, of identifying the ge- 
ometry associated to a given tableau/system, i.e., find submanifolds in some ho- 
mogeneous space whose integrability conditions are given by the PDS associated 
with the given tableau. 

6.2. Study the algebraic structure of tableaux over Lie algebras to under- 
stand when a tableau generates an integrable geometry. 

6.3. Study the Cauchy problem for the associated systems (cf. Il3ni34l '). 

6.4. Analyze the characteristic cohomology of a tableau over a Lie algebra, 
its geometric interpretations, and its relations with the characteristic cohomology 
of Bry ant-Griffiths lHlll. 

APPENDIX 
A. The Spencer complex, [cf. Q] 

Retaining the notation of Section |2] identify the symmetric product S''^(a*) 
with the space of homogeneous polynomials of degree q on a. For each w G a, 
let 5v be the map of b ® S"'(a*) ^ b ® S'^~^(a*) given by partial differentiation 
w.rt. V. Let ui , . . . , t;„ be a basis of a, and , . . . , its dual basis. 

The operator 

fa ® S'i{a*) ® AP(a*) ^ fa ® S"'-i(a*) ® AP+i(a*) 

given by 
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((jo^p — 0, for p > 0) is independent of the basis, 5'^ — 0, and the sequence of the 
corresponding bigraded complex is exact except when q = {) and p — Q. 

Let A C Hom(a, b) be a tableau with prolongations A'^^\ h > 0. Consider 
the sequence of spaces 

C9'f(A) A(9~i) (g)AP(a*), 

for integers q > and < p < n. Note that since A^"^"^^ C b (g) S"'(a*), the 
space C"''P(A) is a subspace of b ® 5'(a*) (g) AP{a*). We have 

(5C«'P(A) c C^-^'P+^iA), 

but the sequence 

is no longer exact for all p and q. The associated cohomology groups 

H'^'P{A) Z''^P{A)/B''^P{A) 

are called the Spencer groups of A, where B'^'P{A) = lm{5'^'^^'P~^) and 
Zi^P{A) = Ker (Si^P). Notice that Z°'P{A) = b AP(a*), for all p > 0, 
andZ«'i(A) = A(«), for all g > 1. 

A significant result in the subject is that the vanishing of the H'^'P is equiva- 
lent to involutiveness. 

Theorem A.l (1201). A tableau A is involutive if and only if H'''P{A) is 
zero, for all q > 1 and p > 0. 

A weaker condition than involutiveness is the following. 

Definition A.l. A tableau A is called 2-acyclic ifH'^'^{A) = (0), for all 
q>l. 

Another way of formulating the condition 

H'^'P{A) = (0), for all g > 1, p > 
is that the sequences 

^ i A^^^-i) g) a* i A A^-\a*) 



s u Kk, *^ b®A'= a* 

(5(Ag) A'^-i(a*)) 



are exact for all k. In particular, we have 



Im(,5i.'^-i) 5(A® A'=-i(a*))' 
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B. Torsion of a Pfafflan systems, [cf. Q] 

Retaining the notation of Example |2] let (X, uj) be a Pfaffian system. An 
admissible integral element E G Vn{2, uj)^.^ is given by 

where the fiber coordinates pj satisfy 

Under a change of coframe 

r = 6l^ Cj'=uj\ n'=TT'~pluj' (B.l) 
the numbers c"^ (x) transform to 

ct^ix) = A:^{x)pt - + 
This defines an equivalence relation 

cf^ix) ^ ct,{x). 

Definition B.l. The equivalence class [c°j(a;)] is called the torsion of 
{J, a;). 

Lemma B.l. The torsion of (I, u) lives in 

r0.2.AN_ W(giA^{V*) _Kcr((5"'2) 



(51. 1 (A® F*) Im(5i'i) ■ 
Proof If Q = -J^ (g) (g) G A (g) y*, then 

According to the transformation rule ( IB. lb of the cfj under a coframe change, the 
cocycle 

gives a class in _ff"'^(A). □ 

Remark B.l. 77ie vanishing of the torsion is a necessary and sufficient 
condition for the existence of an integral element over x. 

Lemma B .2. The torsion of [l'^^^ , lo) lives in the vector spaces 
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We also recall the following. 
Lemma B.3. 

^9,p(a(i)) ^ iI9+i'P(A), q>l. 

Remark B.2. Thus, the involutiveness of the tableau A associated to [I, uj) 
implies both the involutiveness of the tableau A'^^^ and the vanishing of torsion of 
the prolonged system (I^^) , w). 
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